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1 Introdution
In this note, we give an alternative presentation of one of the ingredients ourring in M.
Papanikolas's proof of the algebrai independene of Carlitz logarithms [7℄. More preisely,
the main theorem of [7℄ redues the problem to the omputation of the Galois group GX
of a ertain t-motive X , and we present an alternative proof of the omputation of GX .
The method is inspired from [5℄, and should apply to other situations, suh as logarithms
of Drinfeld ellipti modules, or values of ζ-funtions. We now reall the statement of Papa-
nikolas's theorem, and the notations of his artile, whih will be kept throughout this note.
1.1 Notations
Let Fq the eld of q-elements, where q is a prime power of p. Let k = Fq(θ), where θ is
transendental over Fq, and dene an absolute valuation |.|∞ at the innite plae of k suh
that |θ|∞ = q. let k∞ be the ∞-adi ompletion of k, let k∞ be an algebrai losure, let K
be the ∞-adi ompletion of k∞, T := K{t} is the ring of restrited power series and let k
be the algebrai losure of k in K. For f =
∑
i ait
i
in T, we set f (−1) =
∑
i a
q
i t
i
.
Denition 1.1 (see [7℄) We let T be the ategory of t-motives in the sense of [7℄, 3.4.10.
We reall that T is a stritly full Tannakian sub-ategory of the ategory R of rigid
analytially trivial pre-t-motives. Objets in R orrespond to ertain σ-dierene equations
over k(t), and a ber funtor ω on T is provided by rigid analyti trivialization. In par-
tiular, T is a neutral tannakian ategory over Fq(t). We denote its identity objet by 1,
and for any X in T , we write GX = Aut
⊗(ω|<X>) for the Galois group of X attahed to
the ber funtor ω, see [7℄, 3.5.2, 4.4.1 and 5.4.10. By [7℄, 5.2.12.b, this is a redued ane
group sheme over Fq(t).
1.2 Exemples of σ-equations assoiated to objets of T
1. The Carlitz motive
1
We dene the Carlitz motive to be the pre-t-motive C whose underlying k(t)-vetor
spae is k(t) itself and on whih σ ats by
σ(f) := (t− θ)f (−1), f ∈ C
(a) The Carlitz motive is rigid analytially trivial and one of its analyti trivializa-
tion is given by the funtion
1
Ω
(see [7℄ 3.3.5).
(b) The number p˜i = − 1
Ω(θ)
is the Carlitz period.
() The Galois group GC of C is equal to Gm.
(d) Moreover, we have EndT (C,C) = Fq(t) (f. [7℄ 3.5.3).
2. The Carlitz logarithm motive
Let αi ∈ k
∗
with |αi|∞ < |θ|
q/(q−1)
∞ . Set :
Φ(αi) :=
(
(t− θ) 0
α
(−1)
i (t− θ) 1
)
.
Φ(αi) denes a pre-t-motive X(αi), whih is an extension in the ategory T of 1 by
the Carlitz motive C
0 // C // X(αi) // 1 // 0 .
Indeed, the pre-t-motive X(αi) is rigid analytially trivial (see [7℄ prop. 7.1.3) and its
trivialization is given by :
Ψ(αi) :=
(
Ω 0
ΩLαi 1
)
,
where the funtion Lαi is dened as in [7℄, 7.1.1 : this is an element of T satisfying
the funtional equation :
σ(Lαi) = α
(−1)
i +
Lαi
(t− θ)
,
whose value at t = θ is equal to the Carlitz logarithm LogC(αi) of αi.
3. The multiple Carlitz logarithm motive
Let α1, ..., αr ∈ k
∗
with |αi|∞ < |θ|
q/(q−1)
∞ . Set :
Φ(α1, ..., αr) :=


t− θ 0 · · · 0
α
(−1)
1 (t− θ) 1 · · · 0
.
.
.
.
.
.
.
.
.
.
.
.
α
(−1)
r (t− θ) 0 · · · 1

 .
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Φ(α1, ..., αr) denes a pre-t-motive X(α1, ..., αr) whih is an extension of 1
r
by the
Carlitz motive C :
0 // C // X(α1, ..., αr) // 1r // 0 .
The pre-t-motive X(α1, ..., αr) is rigid analytially trivial (see [7℄ prop. 7.1.3) and its
trivialization is given by :
Ψ(α1, ..., αr) :=


Ω 0 · · · 0
ΩLα11 · · · 0
.
.
.
.
.
.
.
.
.
.
.
.
ΩLαr 0 · · · 1

 .
As in [5℄, proof of Cor. 2.2, we have :
Lemma 1.2 The tannakian ategory generated by X(α1, ..., αr) in T is equal to the Tan-
nakian ategory generated by the motive
⊕r
i=1X(αi).
1.3 Papanikolas's theorems on algebrai independene.
Theorem 1.3 (Theorem 7.4.2 in [7℄) Let λ1, ..., λr ∈ K satisfy expC(λi) ∈ k for i =
1, ..., r. If λ1, ..., λr are linearly independent over k, then they are algebraially independent
over k.
Sine the period p˜i satises expC(p˜i) = 0, we an rephrase Theorem 1.3 as follow : Let
λ1, ..., λr ∈ K satisfy expC(λi) ∈ k for i = 1, ..., r. If λ1, ..., λr, p˜i are linearly independent
over k, then they are algebraially independent over k.
Beause the indetermination of the Carlitz logarithm is given by k-multiples of p˜i (f.
[7℄, 7.4.1), this is in turn equivalent to
Theorem 1.4 Let α1, ..., αr ∈ k
∗
with |αi|∞ < |θ|
q/(q−1)
∞ . Assume that p˜i, logC(α1), ..., logC(αr)
are linearly independent over k. Then they are algebraially independent over k.
Now, p˜i = − 1
Ω(θ)
, logC(α1) = Lα1(θ), ..., logC(αr) = Lαr(θ). Combining the main Theo-
rem 1.1.7 of his artile together with a previous transendene riterion (Theorem 6.1.1),
Papanikolas redues the proof of Theorem 1.4 to showing :
Theorem 1.5 (Theorem 7.3.2. in [7℄) Let α1, ..., αr ∈ k
∗
with |αi|∞ < |θ|
q/(q−1)
∞ . As-
sume that p˜i, logC(α1), ..., logC(αr) are linearly independent over k. Then the dimension of
the Galois group GX of the t-motive X = X(α1, ..., αr) is equal to r + 1.
3
1.4 Sketh of the proof of Theorem 1.5
Following [7℄, we will work in the framework of the Tannakian ategory T of t-motives,
f. Denition 1.1. As just realled, the method of M. Papanikolas for proving Theorem 1.3
is to ompute the Galois group GX of the t-motive X . This is the ontent of Theorem 7.3.2
of [7℄, where GX is denoted by ΓX . Note, however, that the paragraph following (7.2.4.1)
needs some lariation, sine ΓX is not a linear subspae. In this note, we will give a tan-
nakian version of the omputation of GX , whih while settling this point, atually simplies
the proof of [7℄, and points towards further generalizations of Theorem 1.3.
So, we have to ompute the dimension of the Galois group attahed to the motive
X = X(α1, ..., αr). To this purpose, we dedue from Lemma 1.2 that the Galois group of
X is equal to the Galois group G of
⊕r
i=1X(αi). As in [7℄, 7.2.2, we see that the quotient
of G by its unipotent radial is isomorphi to the Galois group of the Carlitz motive C, i.e
to Gm. Therefore, it remains to ompute the dimension of the unipotent radial of G, that
is the unipotent radial of the Galois group of a sum of extensions of 1 by the Carlitz motive.
To ompute the latter dimension, we will use the theorems of Setion 2 below, whih
redue the problem to a question of linear algebra ; this setion ombines the arguments of
[5℄ with Papanikolas's ruial observation that the unipotent radial is a vetorial group,
see [7℄, 7.2.3. Finally, Setion 3 ompletes the proof of Theorem 1.5, along the lines of [7℄,
bottom of p. 50.
2 Computation of Galois groups in Tannakian ategories
in harateristi p
Let p be a prime number. Let (T, ω) be a neutral Tannakian ategory over a eld C of
harateristi p. Let 1 denotes the unit objet ofT, so that C = End(1) and ω : T 7→ V ectC .
In the appliation to [7℄, T = T and C = Fq(t), where q is a power of p and t is transen-
dental over Fq .
For any objet X in T, we denote by GX the linear algebrai group sheme Aut
⊗(ω|<X>)
over C. Furthermore, we identify C-vetor spaes suh as ω(X ) to vetorial groups over C.
Theorem 2.1 Let Y be an objet of T, and let U be an extension of 1 by Y. Assume that
GU is redued, that GY = Gm, and that the ation of Gm on ω(Y) is given by its anonial
harater. Then the unipotent radial of the Galois group GU is equal to ω(V) where V is
the smallest sub-objet of Y suh that U/V is a trivial extension of 1 by Y/V.
Proof
First of all, we remark that every Gm-module of nite dimension over C is ompletely
reduible (see [6℄ p.35). By Tannaka theorem (see [4℄) , there is an equivalene of ategory
4
between < Y > and the ategory RepGY of GY-modules of nite dimension over C. Then,
it is lear that Y is a ompletely reduible objet in T.
Existene of the smallest sub-objet
Let us denote by V the set of sub-objets W of Y suh that U/W is a trivial extension
of 1 by Y/W. It is enough to prove that if V1 and V2 are inV, their intersetionW lies inV.
Beause Y is ompletely reduible, there exist three sub-objets V ′, W ′1, W
′
2 of Y suh
that :
1. V1 =W ⊕W
′
1, V2 =W ⊕W
′
2.
2. Y = V1 ⊕W
′
2 ⊕ V
′ = V2 ⊕W
′
1 ⊕ V
′ =W ⊕W ′2 ⊕W
′
1 ⊕ V
We have :
Ext1(1,Y) ≃ Ext1(1,V1)×Ext
1(1,W ′2⊕V
′) et Ext1(1,Y) ≃ Ext1(1,V2)×Ext
1(1,W ′1⊕V
′).
Beause V1 and V2 are in V, the projetion of U is trivial on Ext
1(1,W ′2 ⊕ V
′) and on
Ext1(1,W ′1 ⊕ V
′). Then the projetion of U is also trivial on Ext1(1,W ′2 ⊕W
′
1 ⊕ V
′) and
thus W is in V.
Computation of the unipotent radial Ru of the Galois group GU of U
By assumption, U lies in an exat sequene :
0 // Y
i // U
p // 1 // 0 .
Let R be a C-algebra. Sine the ategories < U > and RepGU are equivalent, ω(U) ⊗ R
is an extension of the unit representation 1R par ω(Y) ⊗ R in the ategory RepGU (R) of
GU(R)-modules of nite rank over R. Consider the exat sequene of free R-modules :
0 // ω(Y)⊗ R
ω(i)R
// ω(U)⊗ R
ω(p)R
// R
sR
ff // 0 ,
x a setion s of the underlying exat sequene of C-vetor spaes, and put fR = sR(1) ∈
ω(U)⊗R, where sR = s⊗ 1.
Let us onsider the morphism of C-shemes ζRω(U) : GU(R) → ω(Y) ⊗ R dened by the
relation :
∀σ ∈ GU(R), ζ
R
ω(U)(σ) = (σ − 1)f
R.
This denes a morphism of shemes ζω(U) over C from GU with value in the C-vetor spae
ω(Y), whose restrition to Ru is an immersion of algebrai group-shemes over C from Ru
to the C-vetorial group ω(Y). Sine GU is redued, its sheme theoreti image is again
redued, and we have :
5
Lemma 2.2 (see [5℄, 2.8 and [7℄, 7.2.3) The imageW of Ru under ζω(U) is a C-vetorial
subgroup of the C vetorial group ω(Y).
Proof
Sine W is redued, it sues to hek this on points in the algebrai losure of C. For all
σ1 ∈ GY and σ2 ∈ Ru, we have
ζω(U)(σ1σ2σ1
−1) = σ1(ζω(U)(σ2)).
Indeed, we have :
σ1ζω(U)(σ1
−1) = (1− σ1)f = −ζω(U)(σ1), (1)
and
ζω(U)(σ1σ2σ1
−1) = σ1(ζω(U)(σ2σ1
−1))+ζω(U)(σ1) = σ1(σ2(ζω(U)(σ1
−1))+ζω(U)(σ2))+ζω(U)(σ1).
From (1), we dedue that : σ1(σ2(ζω(U)(σ1
−1))) = −σ1σ2σ1
−1(ζω(U)(σ1)). But σ1σ2σ1
−1
is an
element of Ru and ζω(U)(σ1) lies in ω(Y). Then, σ1(σ2(ζω(U)(σ1
−1))) = −ζω(U)(σ1). Therefore
σ1(ζω(U)(σ2)) = ζω(U)(σ1σ2σ1
−1) belongs to W .
In other words, W is an algebrai subgroup over C of ω(Y) whih is stable under the
ation of GY . Now, GY = Gm and the hypothesis that ω(Y) is an isotypi representation
of Gm implies that W is a C-vetorial subgroup of the C-vetorial group ω(Y).
Lemma 2.3 (see [5℄, 2.9) The image under ω of the smallest sub-objet of V is equal to
W .
Proof
Let us denote by V the minimal objet of V, and by V its image under ω. Then, GU ats
on ω(U/V) through GY (beause U/V is a trivial extension of 1 by a quotient of Y in the
ategory T). Thus the projetion of fC = s(1) in ω(U)/V is invariant under the ation of
Ru, and the orbit {σf
C − fC ; σ ∈ Ru} lies in V . Therefore ζω(U)(Ru) := W ⊂ V .
Conversely, the image W of Ru under ζω(U) is, by Lemma 2.2, a C-vetor-spae stable
under the ation of GY in ω(Y). Then, by equivalene of ategory, there exists a sub-
objet W of Y in T suh that ω(W) = W . Let us show that W is an element of V.
Sine W is the image of Ru, GU ats on ω(U)/W through its quotient GU/Ru = GY .
Therefore, ω(U)/W (C) is an extension of C by ω(Y)/W (C) in the ategory RepGY (C).
Beause GY = Gm, this extension is trivial in the ategory RepGY . By the Tannakian
equivalene of ategories, the extension U/W is also trivial in ExtT(1,Y/W), andW ∈ V.
Then V ⊂ W by minimality. This onludes the proof of Lemma 2.3, hene of Theorem
2.1.
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Corollary 2.4 Let Y be an objet of T, let ∆ be the ring End(Y), and let E1, ..., En be
extensions of 1 by Y suh that E1, ..., En are ∆-linearly independent in Ext
1
T
(1,Y). Assume
that GE1 , ..., GEn are redued, that GY = Gm, and that the ation of Gm on ω(Y) is given
by its anonial harater. Then the unipotent radial of GE1⊕...⊕En is isomorphi to ω(Y)
n
.
Proof
For any extension E of 1 by Y , and for any α ∈ ∆, we denote by α∗(E) the pushout of
E by α ; this is how the struture of ∆-module of Ext1
T
(1,Y) is dened.
We rst note that the diret sum Yn admits GYn = GY = Gm as Galois group, and
that Gm again ats on ω(Yn) = ω(Y)n through its anonial harater. On the other hand,
the extension E1 ⊕ ...⊕ En of 1
n
by Yn and its pull-bak E ∈ Ext1
T
(1,Yn) by the diagonal
map from 1 to 1
n
generate in T the same sub-Tannakian ategory. Therefore, their Galois
groups GE1⊕...⊕En and GE are equal, and redued in view of our hypothesis. Let us assume
that the unipotent radial Ru of GE do not ll up ω(Y
n) = ω(Y)n.
By Theorem 2.1, Ru is equal to the C-vetorial group ω(V) where V ∈ T is the smallest
sub-objet of Yn suh that the quotient by V of the extension E of 1 by Yn is trivial
in the ategory T. If V is not equal to Yn, then ω(V) ( ω(Yn). Beause ω(V) is a sub-
representation of the representation ω(Yn) of GY = Gm, it lies in the kernel H of a non
trivial GY-equivariant homomorphism φ from ω(Y
n) to ω(Y). By tannakian equivalene of
ategory, there then exists a non trivial morphismΦ ∈ HomT(Y
n,Y) suh that V ⊂ Ker(Φ).
Now, onsider the following diagram :
Yn

Φ
((PP
P
P
P
P
P
P
P
P
P
P
P
Yn/V // Yn/Ker(Φ) ≃ Y .
Sine Φ ∈ HomT(Y
n,Y), we an write Φ(X1, ..., Xn) = α1X1 + ... + αnXn, with αi ∈
EndT(Y). Then Φ∗(E) = α1∗(E1) + α2∗(E2) + ... + αn∗(En) is a quotient of E/V, hene a
trivial extension of 1 by Y in T. In onlusion, the extension α1E1+ ...+αnEn ∈ Ext
1
T
(1,Y)
is trivial. But this ontradits the ∆-linearly independene in Ext1
T
(1,Y) of the extensions
E1, ..., En.
3 Appliation to Theorem 1.5
We shall apply Corollary 2.4 to the ategory T = T of t-motives, whih satises
C := EndT (1) = Fq(t), and all of whose Galois groups are redued, and to the Car-
litz motive Y := C, for whih ∆ := EndT (C) = Fq(t) and GC = Gm ats on the line
ω(C) through its anonial harater. We reall the extensions X(αi), i = 1, ..., r, of 1 by
C desribed in Setion 1. Beause of Corollary 2.4, the dimension of the algebrai group
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G = GLr
i=1
X(αi) is equal to 1 + n, where n denotes the dimension of the vetor spae over
∆ = Fq(t) generated by the X(αi)'s in Ext1T (1, C).
By an easy omputation (similar to [5℄, 3.8), we get
n = max{s|∄f ∈ k(t), (µi)
s
i=1 ∈ Fq(t) not all zero, suh that(t−θ)f
(−1)−f =
s∑
i=1
µiα
(−1)
i (t−θ)}.
By assumption, p˜i, logC(α1), ..., logC(αr) are linearly independent over k = Fq(θ). Following
[7℄, bottom of p. 50, we will now prove that under this hypothesis, n is equal to r.
Suppose that n < r. Then, let us onsider s suh that ∃f ∈ k(t), (µi)
s
i=1 ∈ Fq(t) non all
equal to zero suh that
(t− θ)f (−1) − f =
s∑
i=1
µiα
(−1)
i (t− θ). (2)
It follows from Equation (2) that f is regular at t = θ : if not, f (−1) must have a pole at
t = θ(−1) whih implies that f has a pole at t = θ(−1). By repeating this argument, we get
that if f is singular at t = θ it is also singular at t = θ(−i) for all i ≥ 1, whih is impossible.
Therefore, f and f (−1) are regular at t = θ.
Considering the form of Equation (2), we then get f(θ) = 0. Moreover, the solutions y
of (2) are of the following type :
y = µ
1
Ω
+
s∑
i=1
µiLαi
with µ ∈ Fq(t). So, there exists µ ∈ Fq(t), suh that :
f = µ
1
Ω
+
s∑
i=1
µiLαi . (3)
By taking t = θ in (3), we get :
0 = µ(θ)p˜i +
s∑
i=1
µi(θ)logC(αi).
This is a non trivial relation over k between p˜i, logC(α1), ..., logC(αr), whih ontradits our
assumption.
So, dimG = r + 1. This onludes the proof of Theorem 1.5, and implies, as realled in
Setion 1, that trdegkk(p˜i, logC(α1), ..., logC(αr)) = r + 1, i.e. that p˜i, logC(α1), ..., logC(αr)
are algebraially independent over k.
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